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Abstract. This article discusses the twisted adjoint action Adκg : G → G, x 7→ gxκ(g−1)
given by a Dynkin diagram automorphism κ ∈ Aut(G), where G is compact, connected, simply
connected and simple. The first aim is to recover the classification of κ-twisted conjugacy
classes by elementary means, without invoking the non-connected group Go 〈κ〉. The second
objective is to highlight several properties of the so-called twining characters χ˜(κ) : G → C,
as defined by Fuchs, Schellekens and Schweigert. These class functions generalize the usual
characters, and define κ-twisted versions R˜(κ)(G) and R˜(κ)k (G) (k ∈ Z>0) of the representation
and fusion rings associated to G. In particular, the latter are shown to be isomorphic to the
representation and fusion rings of the orbit Lie group G(κ), a simply connected group obtained
from κ and the root data of G.
1. Introduction
Let G be a compact connected semi-simple Lie group, and κ ∈ Aut(G) an element induced
by a Dynkin diagram automorphism of G. The κ-twisted adjoint action of G on itself is defined
as:
Adκg : G −→ G, x 7−→ gxκ(g−1), g ∈ G.
Early publications discussing this action are Gantmacher’s work on automorphisms of complex
groups [12], and de Siebenthal’s study of compact non-connected Lie groups [28]. Since then,
twisted conjugation appeared sporadically in the literature, mostly in the context of represen-
tations of non-connected groups and of twisted affine Lie algebras [8,17,27,30]. Many results in
this direction can be found in Mohrdieck’s work on twisted conjugacy classes [23,24], in Wendt’s
study of orbital integrals [31], as well as in Springer’s note [29].
Aside from representation theory, twisted conjugation has found several applications in math-
ematical physics and gauge theory in the last two decades. One particularly relevant paper
is Fuchs, Schellekens and Schweigert’s [10] on twining characters, which introduced twisted
analogs of the usual characters and recovered an important character formula of Jantzen, in
order to solve the so-called “resolution of fixed points” problem in conformal field theory. Later,
Mohrdieck and Wendt studied twisted conjugacy classes as D-branes for the Wess-Zumino-
Witten model in [25] (see also [6]), as well as in the context of moduli spaces of principal
bundles in [26]. More recently, Hong addressed these questions in [13–15], where he constructed
an analog of the fusion ring for twining characters and developed a notion of twisted conformal
blocks with Kumar.
Our interest in twisted conjugation stems from the study of certain symplectic invariants of
twisted quasi-Hamiltonian spaces, as discussed in work of Boalch and Yamakawa [3], Knop [19]
and Meinrenken [22]. These are finite-dimensional models for symplectic Banach manifolds
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endowed with Hamiltonian actions of twisted loop groups, and provide a differential-geometric
viewpoint on the topics mentioned in the previous paragraph.
In light of these developments, the purpose of this paper is twofold: First, review twisted
conjugation with direct proofs of the main structure results, and second, highlight certain
properties of twining characters from this perspective. Some features of our approach are that:
(i) The action Adκ is studied as an intrinsic action of G on itself, without resorting to the
theory of non-connected groups.
(ii) The classification of twisted conjugacy classes is recovered by elementary means, from
a differential-geometric perspective.
(iii) Twining characters are viewed as functions on the group G, as opposed to formal char-
acters of an affine Kac-Moody algebra.
(iv) The level k fusion ring for twining characters is constructed without invoking twisted
loop groups or affine Lie algebras.
Keeping the notation above, suppose henceforth that G is simply connected and simple. Let
T ⊆ G be a maximal torus with fixed-point subgroup T κ ⊆ T , and denote by R = R(G,T ) the
root system of G. The upcoming sections are organized as follows. In section 2, we introduce
the notations and associate two root systems to the data (G, κ): the folded root system p(R)
and the orbit root system R(κ), both supported in the dual of tκ = Lie(T κ). We then gather
the properties of these root systems that form the basis of sections 3 and 4.
The structure of κ-twisted conjugacy classes in G and their classification is undertaken in
section 3. As in the classical theory, there are twisted versions of the Weyl group, of the
conjugation map G/T × T → G and of a fundamental alcove parametrizing the orbits of Adκ.
The main results pertaining to these objects in [23, 25, 31] are re-derived after establishing
certain key properties of the κ-twisted normalizer NκG(T
κ) = {g ∈ G | Adκg (T κ) = T κ}.
The next section deals with Fuchs, Schellekens and Schweigert’s twining characters χ˜(κ) :
G→ C, which are the natural twisted generalization of the usual characters. Indeed, these class
functions satisfy orthogonality relations, give a Fourier basis of the space of Adκ(G)-invariant
L2-functions, and generate R˜(κ)(G) and R˜(κ)k (G), the twisted counterparts to the representation
ring and the fusion ring at level k ∈ Z>0. Most notably, if G(κ) is the orbit Lie group (simply
connected with root system R(κ)), we have that R˜
(κ)
k (G) ' Rk(G(κ)). This is a recent result
of Hong [13,14] that follows from Jantzen’s character formula [10,17,31], and that is recovered
here with a different set of techniques.
Acknowledgements. The author is indebted to his thesis advisor, Prof. Meinrenken, for
introducing him to this subject, for his patient guidance, and for his comments on this work.
We also thank Prof. Jeffrey for the advice of turning the material presented here into a note, and
Dr. Loizides for several enlightening conversations and comments. This research was partially
supported by FRQNT and OGS doctoral scholarships.
2. Diagram Automorphisms and Associated Root Systems
The aim of this section is to set-up the notations used in this work, and to present some
reminders on the root systems that one can associate to an indecomposable root system R and
a Dynkin diagram automorphism κ ∈ Aut(Π), where Π ⊆ R is a choice of simple roots. For
the sake of brevity, we do not give detailed proofs here, and refer the reader to [23, Ch.1].
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2.1. Notation.
2.1.1. Groups and Lie algebras. Let G be a compact, connected, simply connected and simple
Lie group with Lie algebra g. We consider a fixed maximal torus T ⊆ G throughout, with Lie
algebra t of dimension r = rk(g), and denote by W = NG(T )/T the Weyl group with respect to
this torus. We assume throughout that we have an Ad(G)-invariant non-degenerate symmetric
bilinear form B on g, and we use the shorthand notation ξ · ζ = B(ξ, ζ) for ξ, ζ ∈ g.
2.1.2. Roots and coroots. Below, R ⊆ t∗ is the root system R(G,T ), R+ is a fixed choice
of positive roots with cardinality n+ = |R+|, Π = {αi}ri=1 designates the simple roots, and
ρ = 12
∑
α∈R+ α is the half-sum of positive roots of G. We use real roots in this work: for ξ ∈ t
and t = eξ ∈ T , we write tα = e2pii〈α,ξ〉 ∈ C for the corresponding character. The (closed)
fundamental Weyl chamber with respect to R+ is t+ ⊆ t, and the closed fundamental alcove is:
A =
{
ξ ∈ t+
∣∣ 〈ξ, θ〉 ≤ 1} ,
where θ ∈ R+ is the highest root of G. Letting (·, ·) denote the inner product on g∗ induced
by B ∈ S2g∗ , we assume that B is normalized so that for any long root α ∈ R, we have
||α||2 = (α, α) = 2. For α ∈ R, the corresponding coroot is α∨ = 2||α||2 (α, ·) ∈ t, and the coroots
and simple coroots of G are denoted by R∨ and Π∨.
2.1.3. Lattices. We denote by Λ = ker(exp)∩t the integral lattice ofG, and by Λ∗ = HomZ(Λ,Z)
the character lattice of T . The root and coroot lattices are respectively denoted by Q =
Z[R] ⊂ t∗ and Q∨ = Z[R∨] ⊆ t, while the weight and coweight lattices are denoted by P =
HomZ(Q
∨,Z) ⊆ t∗ and P∨ = HomZ(Q,Z) ⊆ t. For the other root systems introduced below,
we will use the same letters and adequate sub/superscripts to denote the same objects. Since G
is simply connected, we sometimes use the identifications Λ = Q∨ and Λ∗ = P in the sequel, so
that the maximal torus is T = t/Q∨, and the alcove is given by A = t/Waff , whereWaff = ΛoW
is the affine Weyl group with Λ acting on t by translations.
2.2. Dynkin Diagram Automorphisms. Considering the automorphism group Aut(G) of
G, and its normal subgroup Inn(G) ' G/Z(G) of inner automorphisms, the group of outer
automorphisms of G is defined as the quotient Out(G) = Aut(G)/Inn(G). The latter can be
identified with the automorphism group Aut(Π) of the Dynkin diagram of g, as we now briefly
indicate. By a diagram automorphism κ ∈ Aut(Π), we mean a bijection:
κ : Π −→ Π, αi 7−→ ακ(i),
that preserves the entries of the Cartan matrix associated to R:
〈ακ(j), α∨κ(i)〉 = 〈αj , α∨i 〉, i, j = 1, · · · , r.
Any such automorphism induces a unique element κ ∈ Aut(gC) acting on the Chevalley gener-
ators e±α ∈ gC associated to simple roots as:
(2.1) κ(e±α) = e±κ(α), α ∈ Π,
It then follows that κ preserves the real forms g ⊆ gC and t ⊆ tC, and exponentiates to
an automorphism of G preserving T . Furthermore, the element κ ∈ Aut(g) preserves the
fundamental chamber t+, since it permutes the positive roots R+. Using the identification
Aut(G) ≡ Aut(g), equation (2.1) hence defines a group homomorphism Aut(Π) → Aut(G)
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descending to an isomorphism with Out(G). For a given κ ∈ Aut(Π), we will also denote the
corresponding elements in Out(g) and Out(G) by κ.
To study the κ-twisted conjugation Adκg : G → G, x 7→ gxκ(g−1), it is sufficient to take
κ ∈ Aut(G) corresponding to a Dynkin diagram automorphism. To see this, notice that for
κ ∈ Aut(G) and Ada ∈ Inn(G), the right action map Ra : G → G, x 7→ xa−1 gives an
equivariant diffeomorphism from (Ada ◦ κ)-twisted conjugacy classes to κ-classes, since for any
g ∈ G:
Ra−1 ◦Ad(Ada◦κ)g = Adκg ◦Ra−1 .
We assume from now onwards that κ ∈ Out(G) is a non-trivial automorphism, and therefore
restrict R to the cases compiled in the table below.
R An, n ≥ 2 Dn+1, n ≥ 4 D4 E6
Out(G) Z2 Z2 S3 Z2
Table 1.
Let κ ∈ Out(G) be a fixed diagram automorphism of G, and assume that the inner-product
B on g is κ-invariant. The κ-fixed subgroups will be denoted by Gκ ⊆ G and T κ ⊆ T , the
corresponding Lie algebras by gκ and tκ respectively, and the subgroup of elements of the Weyl
group commuting with κ by W κ ⊂W . The orthogonal projection p : g→ gκ is given by
p(ξ) = 1|κ|
|κ|∑
j=1
κj(ξ), ξ ∈ g,
and we use the same letter to denote its restriction t→ tκ as well as the projection t∗ → (tκ)∗.
Lastly, we will need certain subgroups of T obtained from κ ∈ Out(G). Considering the Ad-
and κ-invariant inner product B on g, we define tκ := (tκ)⊥ with respect to the restriction B|t,
as well as the subtorus Tκ := exp(tκ) ⊆ T . The orthogonal decomposition t = tκ ⊕ tκ yields:
T = T κ · Tκ.
The intersection T κ ∩ Tκ ⊆ T is a finite subgroup, and will be of particular importance in the
remaining of this paper.
2.3. The Folded and the Orbit Root Systems. We are in position to introduce the main
constructions of this section:
Definition 2.1. To the data (R, κ), we associate the following two root systems:
• The folded root system, which is the image p(R) under the orthogonal projection
p : t∗ −→ (t∗)κ:
R
(κ)
F = {p(α) | α ∈ R} ⊆ (tκ)∗.
• The orbit root system, given by R(κ)O = (R(κ)F )∨ for R = A2n−1, Dn+1 (n ≥ 3), and
E6. For the case of R = A2n with n > 1, we define R
(κ)
O to be the dual of the Bn
subsystem of R(κ)F = BCn. For R = A2, R
(κ)
O is the A1 system with unique positive
root 2(α1 + α2).
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Under our assumptions on R and κ, the definitions above give the table:
R A2n−1 A2n, n > 1 A2 Dn+1, |κ| = 2 D4, |κ| = 3 E6
R
(κ)
F Cn BCn A1 unionsqA1 Bn G2 F4
R
(κ)
O Bn Cn A1 Cn G2 F4
Table 2.
Remark 2.2.
(1) For the proof that R(κ)F = p(R) is indeed a root system with Weyl group W
κ, see [8,
Prop.13.2.2]. By definition, W κ is also the Weyl group of R(κ)O .
(2) The case R = A2n is the only one where R
(κ)
F is decomposable. When n = 1, R
(κ)
F
is the disjoint union of two copies of A1 (see next lemma). When n > 1, there are 3
root lengths in R(κ)F = BCn, with the long and intermediate roots constituting a Cn
subsystem, and the short and intermediate roots forming a Bn subsystem.
(3) The terminology “orbit root system” for R(κ)O follows Fuchs-Schellekens-Schweigert [10]
and Hong [13, 14]. This is the root system denoted by R′ in [23] and by R1 in [31],
which is obtained by rescaling the elements of R(κ)F .
In order to lighten the notation, we drop the (κ) superscripts for the remaining of this
subsection, bearing in mind that we are discussing objects associated to a fixed automorphism
κ ∈ Out(G).
Lemma 2.3. Let (R, κ) be as in table 2, and denote by Πκ ⊂ Π the κ-invariant simple roots.
(i) For R 6= A2n, the simple roots of RF are given by ΠF = {p(α) | α ∈ Π}, and those of
RO by:
ΠO = {α | α ∈ Πκ} unionsq {|κ|p(α) | α ∈ ΠrΠκ} .
(ii) For R = A2n with n > 1, the simple roots of the Bn and Cn subsystems of RF are:
ΠF,Bn = {p(α1), · · · , p(αn−1), p(αn)} ,
ΠF,Cn = {p(α1), · · · , p(αn−1), 2p(αn)} ,
and the simple roots of RO are given by:
ΠO = {2p(α1), · · · , 2p(αn−1), 4p(αn)} .
(iii) For R = A2, we have RF = {±12(α1 + α2),±(α1 + α2)} and RO = {±2(α1 + α2)}.
Outline of proof. Let Rκ ⊆ R denote the subset κ-invariant roots.
(i) When R = A2n−1, Dn+1 and E6, a naive identification of the nodes in a κ-orbit of the
diagram of R gives the diagram of RF, with simple roots given by ΠF = {p(α) | α ∈ Π},
and lengths of the other elements of RF determined by whether or not κ(α) = α. The
definition of the orbit root system says that:
RO =
{
2p(α)
(p(α),p(α))
∣∣∣ α ∈ R} ⊆ (tκ)∗,
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which can be re-expressed as:
RO = {α | α ∈ Rκ} ∪ {|κ|p(α) | α ∈ RrRκ} .
For the κ-fixed α ∈ R, we have p(α) = α with ||α||2 = 2, while for the elements satisfying
κ(α) 6= α, we have that ||p(α)||2 = 1|κ| ||α||2. The set ΠO in the statement gives a set of
simple roots for RO.
(ii) In the case of R = A2n with n > 1, we have a partition R = Rκ unionsqR(d) unionsqR(q), where:
R(d) =
{
α ∈ R ∣∣ κ(α) 6= α and (κ(α), α) = 0} ,
R(q) =
{
α ∈ R ∣∣ κ(α) 6= α and (κ(α), α) = −1} .
Projecting onto (tκ)∗, the elements of Rκ = p(Rκ) have length 2, those of p(R(d)) have
length 1, and those of p(R(q)) have length 12 . In RF, we see from explicit verifications
that p(Rκ unionsq R(d)) is a Cn subsystem with simple roots ΠF,Cn , while p(R(q) unionsq R(d))
constitutes a Bn subsystem with simple roots ΠF,Bn . Here, the orbit root system can
be described as:
RO = {2α | α ∈ Rκ} ∪
{
2p(α)
∣∣ α ∈ R(d)} ,
with 2Rκ = 4p(R(q)), and a set of simple roots is given by:
ΠO =
{
2
||α||2α
∣∣∣ α ∈ ΠF,Bn} .
(iii) Follows from the definition.

We want to realize RF and RO as the root systems of Lie groups related to G. The next
proposition determines the (co)root and (co)weight lattices of these two root systems in terms
of those of R (see also [23, Lemmas 1.1, 1.4]), which will yield the root data needed. Before
doing so, recall that we introduced the subtorus Tκ ⊆ T at the end of 2.1, which gives rise to
the finite subgroup T κ ∩ Tκ ⊆ T κ. We define the lattice:
(2.2) Λ(κ) = exp−1tκ (T
κ ∩ Tκ) ⊆ tκ.
We now have the following facts:
Proposition 2.4. With the notations of subsection 2.1, we have that:
(1) If R = A2n−1, Dn and E6, the lattices of RF satisfy the inclusions:
Q∨F = Λ
κ ⊆ P∨F = (P∨)κ,
QF = p(Q) ⊆ p(Λ∗) = PF.
For the orbit root system RO, we have that Λ(κ) = p(Λ), along with the inclusions:
Q∨O = p(Λ) ⊆ P∨O = p(P∨)
QO = Q
κ ⊆ (Λ∗)κ = PO.
(2) If R = A2n, let PBn, QBn, P∨Bn and Q
∨
Bn
denote the lattices associated to the Bn
subsystem of RF = BCn. Then:
Q∨Bn ⊆ Λκ ⊆ P∨Bn = (P∨)κ,
QBn = p(Q) ⊆ p(Λ∗) ⊆ PBn ,
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where
[
Λκ : Q∨Bn
]
= [PBn : p(Λ
∗)] = 2. For the orbit root system, we have that Λ(κ) =
p(Λ), along with the inclusions:
Q∨O = p(Λ) ⊆ p(P∨) ⊆ P∨O ,
QO ⊆ Qκ ⊆ (Λ∗)κ = PO,
with [P∨O : p(P
∨)] = [Qκ : QO] = 2.
Outline of proof. Firstly, the simple roots in lemma 2.3 determine all the simple coroots and
simple (co)weights involved, which allows to check the statements above explicitly. We illustrate
for the case ofR 6= A2n. Let I = {1, · · · , r} be the indexing set for the simple roots Π = {αi}i∈I ,
and partition it as:
I = I0 unionsq I1 unionsq κ(I1) unionsq · · · unionsq κ|κ|−1(I1),
with I0 ⊆ I the κ-fixed indices. The κ-orbits in I are then partioned as I¯ = I¯0 unionsq I¯1 (with
Ij = I¯j , j = 0, 1). Next, let:
Π∨ = {α∨i }i∈I , F = {$i}i∈I , and F∨ = {$∨i }i∈I
denote the simple coroots, the fundamental weights and fundamental coweights of R respec-
tively. Using lemma 2.3, one checks that for the folded system RF:
Π∨F = {α∨¯i }i¯∈I¯0 unionsq {|κ|p(α∨¯i )}i¯∈I¯1 ,
FF = {p($i¯)}i¯∈I¯ ,
F∨F = {$∨¯i }i¯∈I¯0 unionsq {|κ|p($∨¯i )}i¯∈I¯1 ,
and then use these bases to show that:
QF = Z [ΠF] = p(Q),
Q∨F = Z [Π∨F] = Λ ∩ tκ = Λκ,
PF = Z [FF] = p(Λ∗) = Hom(Q∨F,Z),
P∨F = Z [F∨F] = P∨ ∩ tκ = Hom(QF,Z).
For the orbit root system RO, one checks with ΠO = {αi¯}i¯∈I¯0 unionsq {|κ|p(αi¯)}i¯∈I¯1 that:
Π∨O = {p(α∨¯i )}i¯∈I¯ ,
FO = {$i¯}i¯∈I¯0 unionsq {|κ|p($i¯)}i¯∈I¯1 ,
F∨O = {p($∨¯i )}i¯∈I¯ ,
and then that:
QO = Z [ΠO] = Q ∩ (tκ)∗ = Qκ,
Q∨O = Z [Π∨O] = p(Λ) = Λ(κ),
PO = Z [FO] = Λ∗ ∩ (tκ)∗ = (Λ∗)κ = Hom(Q∨O,Z),
P∨O = Z [F∨O] = p(P∨) = Hom(QO,Z).
In the case of R = A2n, the verifications are done using the simple roots ΠF,Bn of the Bn
subsystem of RF = BCn (dual to RO). From the expressions of the simple (co)roots and
fundamental (co)weights, we also easily see that:[
Λκ : Q∨Bn
]
= [PBn : p(Λ
∗)] =
[
P∨O : p(P
∨)
]
= [Qκ : QO] = 2.

TWISTED CONJUGATION ON CONNECTED SIMPLE LIE GROUPS AND TWINING CHARACTERS 8
Remark 2.5. The global idea underlying the computations above is as follows. Given Λ = Q∨ ⊂ t
and Λ∗ = P ⊂ t∗, we roughly have two non-equivalent operations on these groups that yield
lattices in tκ and (tκ)∗: we can either intersect with tκ (resp. (tκ)∗) to get κ-invariants, or
project onto tκ (resp. (tκ)∗) using p, and one operation is dual to the other over Z.
The maximal tori of the compact connected groups associated to RF and RO are given by:
TF = t
κ/Λκ = T κ; TO = tκ/Λ(κ) = T κ/(T κ ∩ Tκ).
On the one hand, the group TO is the maximal torus of a Lie group of typeRO with fundamental
group isomorphic to Λ(κ)/Q∨O = {1}. This motivates our next definition:
Definition 2.6. With G and κ ∈ Out(G) as in the last paragraph, we define the orbit Lie
group G(κ) to be the simply connected Lie group with maximal torus T(κ) = T κ/(T κ ∩Tκ) and
root system R(κ) := RO.
On the other hand, the torus TF = T κ is the maximal torus of the fixed-point subgroup Gκ ⊆ G,
which is always connected for G simply connected [9, Cor.3.15]. We may state:
Proposition 2.7. With the notations of this subsection:
(1) If R = A2n, then the root system of Gκ coincides with the Bn subsystem of RF = BCn
and pi1(Gκ) ' Z2. In the remaining cases, the group Gκ has root system RF and is
simply connected.
(2) The orbit Lie group G(κ) is related to G by the isomorphism LG(κ) ' (LG)κ0 , where LG
denotes the Langlands dual of G.
Remark 2.8. The first statement above is proved in the case of G not necessarily simply con-
nected in [8, §§13.3,14.4] (see also [23, Prop.1.1]), and pi1(Gκ) can be deduced from the propo-
sition dealing with lattices. The second statement is discussed in [20] for complex groups (see
also the more general [29, Cor.1], and [16, Rk.2.3]), and follows from the definition of Langlands
duality along with the fact that the identity component (LG)κ0 is of the same type as Gκ.
We close this section with a lemma that will be used for several formulas, including the
description of the fundamental alcove for the κ-twisted adjoint action on G (see [13, §2] for a
more extensive treatment).
Lemma 2.9.
(a) Let θ denote the highest root of R. The highest root θ(κ),l and the highest short root
θ(κ),s of R(κ)are given by:
θ(κ),l =

|κ|θκs , R 6= A2n;
4θκs = 2θ, R = A2n, n > 1;
2(α1 + α2), R = A2;
θ(κ),s = θ =
{
θκl , R 6= A2n;
4θκl , R = A2n, n > 1;
where θκl and θ
κ
s denote the highest root and the highest short root of RF (resp. of RBn)
for R 6= A2n (resp. R = A2n).
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(b) The half-sums of positive roots of R and R(κ) are equal:
ρ = 12
∑
α∈R+
α = 12
∑
α∈R(κ)+
α.
Proof. Part (a) can be checked using the tables on affine root systems in [4, 7, 18]. To see that
ρ is also the half-sum of positive roots of R(κ), it suffices to write it as the sum of fundamental
weights {$i}ri=1 ⊂ t∗:
ρ =
r∑
i=1
$i =
∑
i=κ(i)
$i +
∑
i 6=κ(i)
|κ|p($i).
The forms {$i|i = κ(i)} unionsq {|κ|p($i)|i 6= κ(i)} are the fundamental weights of R(κ) used in the
proof of proposition 2.4. 
Remark 2.10. Note that since ρ ∈ (tκ)∗, there exists a regular element in T κ under the adjoint
action Ad. This fact will be used several times in the next section.
3. Outer Weyl Group and Conjugacy Classes
In this section, we look at the generalizations to twisted conjugation of several results in
Weyl’s classical theory of compact groups. In the first subsection, we study the substitute to
the Weyl group W (κ). The main result of the second subsection is proposition 3.10, and says
that the κ-twisted conjugacy classes in G are parametrized by the fundamental alcove of the
orbit group G(κ).
3.1. The Structure of the Outer Weyl Group. At the end of subsection 2.2, we introduced
the group Tκ with Lie algebra tκ = (tκ)⊥ ⊆ t, along with the finite subgroup T κ ∩ Tκ. By
introducing the map φκ : T → T , t 7→ tκ(t−1), we can describe the subtori of T associated to
κ as:
T κ = ker(φκ), Tκ = im(φκ),
with a similar description for the Lie algebras tκ and tκ. The map φκ : T → T will be convenient
for the study of the outer Weyl group.
Definition 3.1. The κ-twisted normalizer of T κ in G is defined as:
NκG(T
κ) :=
{
g ∈ G ∣∣ Adκg (T κ) = T κ} ,
and we define the outer Weyl group as the quotient W (κ) := NκG(T
κ)/T κ.
Recall that W κ ⊆ W is the subgroup of Weyl group elements commuting with κ. Since
NGκ(T
κ) ⊆ NκG(T κ), we have W κ ⊆ W (κ). The next lemma clarifies how NκG(T κ) fits between
NG(T ) and NGκ(T κ):
Lemma 3.2. The κ-twisted normalizer NκG(T
κ) coincides with the following subgroup of NG(T ):
NκG(T
κ) =
{
g ∈ NG(T )
∣∣ Adκg (e) ∈ T κ} .
Proof. First, we prove the inclusion NκG(T
κ) ⊆ NG(T κ). For x ∈ T κ and g ∈ NκG(T κ), we see
from the formula:
(3.1) Adκg (x) = Adg(x) ·Adκg (e),
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that Adg(x) ∈ T κ. Next, let x ∈ T κ ⊆ T be regular under Ad, so that its centralizer is
ZG(x) = T . Then Adg(x) ∈ T κ is again regular, with centralizer:
Adg (ZG(x)) = ZG (Adg(x)) = T,
which shows that Adg(T ) = T , and therefore that g ∈ NG(T ) for any g ∈ NκG(T κ).
Secondly, we define:
H :=
{
g ∈ NG(T )
∣∣ gκ(g−1) ∈ T κ} ,
and we claim that H = NκG(T
κ). For any x ∈ T κ and h ∈ H ⊆ NG(T ), we have that
Adh(x) ∈ T κ, since Adh(x) ∈ T and:
κ (Adh(x)) = Adκ(h)(x) = Ad(hκ(h−1))−1Adh(x)
= Adh(x),
where we used hκ(h−1) ∈ T κ on the first line. Consequently, h ∈ NκG(T κ) by equation (3.1),
and we obtain H ⊆ NκG(T κ). The other inclusion follows from NκG(T ) ⊆ NG(T ) and the fact
that Adκg (e) ∈ T κ for any g ∈ NκG(T κ), which concludes the proof. 
The second lemma that we prove will be used for the characterization of W (κ):
Lemma 3.3. For any w ∈ W κ ⊆ W , one may choose a representative g ∈ NG(T ) such that
gκ(g−1) ∈ T κ.
Proof. If gw ∈ NG(T ) is such that gwT = w ∈W κ, then:
κ (w · t) = w · κ(t), t ∈ T ⇐⇒ Adκ(gw)(t) = Adgw(t), ∀t ∈ T.
Taking t ∈ T regular, we see that gwκ(g−1w ) must be an element of T . On the other hand, the
fact that T = T κ · Tκ implies that gwκ(g−1w ) = t0s−1κ(s) for some t0 ∈ T κ and s ∈ T , so that
(sgw)κ
(
(sgw)
−1) = t0 ∈ T κ. The representative g ∈ NG(T ) of w ∈W κ such that gκ(g−1) ∈ T κ
is then given by g = gws′ ∈ NG(T ), where s′ = g−1w sgw ∈ T . 
In the upcoming characterization of W (κ), we will see the appearance of the finite group
(T/T κ)κ, which is in fact isomorphic to T κ ∩ Tκ:
Lemma 3.4. Let pi : T → T/T κ be the canonical projection. The map:
ψ : (T/T κ)κ −→ T κ ∩ Tκ, pi(t) 7−→ φκ(t),
is an isomorphism.
Proof. Let q : NκG(T
κ)→W (κ) be the canonical projection. It will be convenient to write ψ as
the composition ψ2 ◦ ψ1 of two isomorphisms:
(3.2) ψ1 : (T/T κ)κ −→ q
(
φ−1κ (T
κ ∩ Tκ)
)
,
(3.3) ψ2 : q
(
φ−1κ (T
κ ∩ Tκ)
) −→ T κ ∩ Tκ,
with q
(
φ−1κ (T κ ∩ Tκ)
) ⊆W (κ). On the one hand, we have Adκt (x) = φκ(t)x ∈ T for all x ∈ T κ
and t ∈ T , which is used to check that:
(3.4) NκG(T
κ) ∩ T = φ−1κ (T κ ∩ Tκ).
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The homomorphism pi1 : T → T/T κ, t 7→ tT κ is κ-equivariant, and an element tT κ ∈ T/T κ
is found to be κ-invariant iff t ∈ φ−1κ (T κ ∩ Tκ) = NκG(T κ) ∩ T . The isomorphism (3.2) is then
given explicitly by:
ψ1 : (T/T
κ)κ −→ q (φ−1κ (T κ ∩ Tκ)) , pi(t) 7−→ q(t).
On the other hand, the representatives of the group q
(
φ−1κ (T κ ∩ Tκ)
)
in NκG(T
κ) ∩ T act on
T κ by twisted conjugation, which coincides with multiplication by elements of T κ ∩ Tκ. The
isomorphism 3.3 is given by:
ψ2 : q
(
φ−1κ (T
κ ∩ Tκ)
) −→ T κ ∩ Tκ, tT κ 7−→ φκ(t).

The last lemma that we will need is the following:
Lemma 3.5. One has that:
T κ ∩ Tκ '
{
(Z2)dim tκ , |κ| = 2;
Z3, |κ| = 3.
Proof. We consider the two cases separately:
• For |κ| = 2: Let t = sκ(s−1) ∈ T κ ∩ Tκ be an arbitrary element, with s ∈ T . For
|κ| = 2, the automorphism κ acts as inversion on T κ ∩ Tκ:
κ(t) = κ(s)s−1 = t−1 = t,
and it is easily checked that in fact:
T κ ∩ Tκ =
{
t ∈ Tκ
∣∣ t = t−1} ,
Since Tκ ' (S1)dim tκ , we see that there are dim tκ = (dim t−dim tκ) generators of order
2 for T κ ∩ Tκ, and the claim follows.
• For |κ| = 3: In the case of R = D4, that T κ ∩ Tκ ' Z3 can be seen more easily with a
concrete description. Letting
T =
{
(z1, z2, z3, z4)
∣∣ zj ∈ S1} ,
the automorphism κ acts as κ(z1, z2, z3, z4) = (z4, z2, z1, z3). Thus:
T κ =
{
(a, b, a, a)
∣∣ a, b ∈ S1} ,
Tκ =
{
(a, 1, b, a−1b−1)
∣∣ a, b ∈ S1} ,
and there are only 3 possibilities for t ∈ T κ∩Tκ: (e± 2pii3 , 1, e± 2pii3 , e± 2pii3 ) and the identity.

The main result of this subsection is the following (cf. [23, §2.3], [31, Prop.2.4]):
Theorem 3.6. The outer Weyl group decomposes as the semi-direct product:
W (κ) = (T κ ∩ Tκ)oW κ.
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Proof. Here, we use the notation of the proof of lemma 3.4. We show that we have the following
split exact sequence:
1 −→ (T/T κ)κ −→W (κ) ν−→W κ −→ 1,
where:
ν : W (κ) −→W κ, gT κ 7−→ gT.
We prove each claim separately.
• Exactness at (T/T κ)κ: If tT κ ∈ (T/T κ)κ then t ∈ φ−1κ (T κ∩Tκ) ⊂ NκG(T κ) by equation
(3.4), and we have a well defined map ι : (T/T κ)κ → W (κ), tT κ 7→ tT κ that is clearly
injective.
• Exactness at W κ: That ν : W (κ) −→W κ is a well-defined homomorphism is easily seen
from its definition above, and its surjectivity is a direct consequence of lemma 3.3.
• Exactness atW (κ): We show that ker ν ⊂ (T/T κ)κ: If g ∈ NκG(T κ) is such that ν(gT κ) =
eT , then g ∈ NκG(T κ) ∩ T = φ−1κ (T κ ∩ Tκ) and q(g) = gT κ ∈ (T/T κ)κ by (3.4). Since
(T/T κ)κ ⊂ ker ν is obvious, we have ker ν = (T/T κ)κ.
• Splitting: For any x ∈ T κ and gT ∈W κ, we have:
Adg(x) =
(
gκ(g−1)
)−1
Adκg (x) ∈ T ,
and proceeding as in the proof of lemma 3.3, we find that for any x ∈ T κ, there exists
a t ∈ T such that Adκgt(x) ∈ T κ. We thus have an inclusion j : W κ →W (κ), gT 7→ gT κ
such that ν ◦ j = IdWκ .
From the above, we obtain W (κ) ' (T/T κ)κ oW κ, and the theorem follows from the iso-
morphism in lemma 3.4. 
3.2. Twisted Conjugacy Classes and Fundamental Alcove. The orbit space G/Adκ(G)
is controlled by the groups G(κ), W (κ), T κ and Tκ. The following lemma corresponds to [31,
Lem.2.1] (c.f. [5, Lem.IV.4.4]), and we present it in terms of the orbit root system R(κ) instead
of the folded root system.
Lemma 3.7. Define the conjugation map:
c : T κ × (G/T κ) −→ G, (x, gT κ) 7−→ Adκg (x).
The determinant of the differential dc at the point (t, gT κ) ∈ T κ × (G/T κ) is given by:
det
(
dc|(t,gTκ)
)
= |T κ ∩ Tκ| ·
∣∣∆˜(t)∣∣2,
where ∆˜ : T κ → C is the function:
∆˜(t) =
∏
α˜∈R(κ)+
(1− t−α˜).
Proof. Recall that we have a κ- and Ad-invariant inner product B on g (§2.1). Fixing (t, gT κ) ∈
T κ×(G/T κ), the connectedness ofG implies that Adκ(g) ∈ SO(g), and in terms of the orthogonal
decomposition
(g/tκ)C = (tκ)C ⊕
⊕
α∈R
gα,
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where gα denotes the root space for α, a direct computation yields:
det
(
dc|(t,gTκ)
)
= detg/tκ (Adt−1 − κ) = det(tκ)C (Adt−1 − κ)
∏
α∈R
detgα (Adt−1 − κ) .
The determinant on (tκ)C depends on |κ|, and we see from an eigenspace decomposition that:
det(tκ)C (Adt−1 − κ) = |T κ ∩ Tκ| =
{
2dim tκ , if |κ| = 2;
3, if |κ| = 3.
For the remaining factors, we first note that if eα ∈ gα is a root vector for α ∈ R, then κ acts
on it as follows (see [11, Eq. (12.48)] for an explanation):
κ(eα) =
{
eκ(α), if R = A2n−1, Dn, E6;
(−1)htα+1eκ(α), if R = A2n.
Secondly, we gather the terms in the product over R by κ-orbits. Suppose for simplicity that
R 6= A2n with |κ| = 2, and that α ∈ R+. We obtain:
det
(
(Adt−1 − κ)|gα⊕g−α
)
= |1− t−α|2, if κ(α) = α,
det
(
(Adt−1 − κ)|gα⊕gκ(α)⊕g−α⊕g−κ(α)
)
= |1− t−|κ|p(α)|2, if κ(α) 6= α.
Using the description of R(κ) in the proof of lemma 2.3, we have:
det
(
dc|(t,gTκ)
)
= |T κ ∩ Tκ| ×
∏
α˜∈R(κ)+
|1− t−α˜|2 = |T κ ∩ Tκ| · |∆˜(t)|2.
With the appropriate modifications, the same formula is obtained for the cases R = A2n and
R = D4 with |κ| = 3. 
The second lemma needed follows from elementary considerations, and we omit its proof.
Lemma 3.8. For x ∈ G, denote by:
ZκG(x) :=
{
g ∈ G ∣∣ Adκg (x) = x}
the stabilizer under κ-twisted conjugation, and let zκx = Lie (ZκG(x)) be its Lie algebra. Then:
(1) For x ∈ T κ, the group ZκG(x) is preserved by κ and contains T κ as a maximal torus.
(2) Let C = Adκ(G) · x. With respect to the κ- and Ad-invariant metric on G, one has an
orthogonal decomposition TxG = zκx ⊕ TxC, with zκx = ker(Adx−1 − κ), and such that in
the left trivialization of TG:
TxC =
{
((Adx−1 − κ) · ξ)L|x
∣∣ ξ ∈ g} .
(For ξ ∈ g, we use ξL|g = ddt (g · exp(tξ))|t=0 for the left-invariant vector fields.)
The next proposition generalizes a classical result of the theory of compact connected Lie
groups, and is in essence a rephrasing of [5, Prop.IV.4.3] and [31, Lem.2.1]. The analogous
result for algebraic groups is proved in [23, §2.5] and [29, Lem.2].
Proposition 3.9. The κ-twisted conjugacy classes in G satisfy the following properties:
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(1) For any g ∈ G, there exist elements x ∈ T κ and a ∈ G such that g = Adκa(x). That is,
any element of G is Adκ-conjugate to an element of the torus T κ.
(2) Two elements of T κ are twisted conjugate under an element of G if and only if they are
twisted conjugate under an element of NκG(T
κ).
(3) Any κ-twisted conjugacy class in G intersects T κ in an orbit of W (κ) = NκG(T
κ)/T κ. In
particular, one has for any x ∈ T κ that:
Adκ(G) · x ∩ T κ = W (κ) · x.
Proof.
(1) This assertion is proved by establishing the surjectivity of the twisted conjugation map
c : T κ × (G/T κ) −→ G. Let ξ ∈ tκ ∩ treg be a regular element with respect to usual
conjugation, and set x = eξ ∈ T κ. By lemma 3.7, we have det (dc|(x,gTκ)) > 0 for any
g ∈ G, meaning that the element Adκg (x) ∈ G is a regular value of the conjugation map
c, which is orientation preserving at (x, gT κ) ∈ T κ × (G/T κ). From the decomposition
in theorem 3.6 of W (κ), we have:
#
(
c−1(Adκg (x))
)
= #
(
W (κ) · x
)
≥ 1,
which shows that deg c > 0, and that c : T κ × (G/T κ) −→ G is a surjective map.
(2) Let C = Adκ(G) · x for x ∈ T κ, and let y = Adκa(x) ∈ C ∩ T κ for some a ∈ G. We will
modify a by an element z ∈ ZκG(x), in such a way that az ∈ NκG(T κ) with Adκaz(x) = y,
which will prove the claim.
Consider a regular element ξ ∈ tκ with respect to the usual conjugation action.
Viewing ξ as an element of Ty(T κ), the differential (Adκa−1)∗|y : Ty(T
κ)→ Tx(T κ) sends
it to Adκ(a−1)ξ ∈ (TxC)⊥ = zκx by lemma 3.8-(2) (as tκ ⊂ zκx). Now by lemma 3.8-(1),
that T κ is a maximal torus in ZκG(x) implies that there exists an element z ∈ ZκG(x)
such that Adκ(z−1)(Adκ(a−1)ξ) ∈ tκ. Putting b = az ∈ G, we thus have:
Adκb (x) = Ad
κ
a(x) = y ∈ T κ,
Adκ(b−1)ξ = Adb−1ξ ∈ tκ.
Since ξ,Adκ(b−1)ξ ∈ t are conjugate, the exists some ν ∈ NG(T ) such that Ad(bν)−1ξ = ξ,
meaning that bν ∈ T ⊂ NG(T ) by regularity of ξ. Thus, the first conclusion here is
that:
b ∈ NG(T ).
On the other hand, Adκ(b−1)ξ = Adb−1ξ ∈ tκ implies that Adbκ(b−1)ξ = ξ, and by Ad-
regularity of ξ ∈ tκ that κ(b) = bt for some t ∈ T . Proceeding then as in the proof
of lemma 3.2, we find κ (Adb(x)) = Adb(x) ∈ T and therefore Adb(x) ∈ T κ. Since
y = Adb(x) · bκ(b−1) ∈ T κ, the second conclusion is that:
bκ(b−1) ∈ T κ.
By lemma 3.2, we established that b ∈ NκG(T κ), which finishes the proof.
(3) By the first statement, any element g ∈ G lies in a conjugacy class of the form Cg =
Adκ(G) · x for some x ∈ T κ. By the second statement, y ∈ Cg ∩ T κ if and only if there
is an element w ∈W (κ) such that y = w · x, hence the claim.

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The last statement in this proposition gives an identification G/Adκ(G) ' T κ/W (κ). To
express this space of orbits as quotient of tκ, it is sufficient to determine the pre-image under
exptκ : t
κ → T κ of an intersection Adκ(G) · eξ ∩ T κ = W (κ) · eξ, where ξ ∈ tκ. The map
exptκ is equivariant with respect to the action of W κ = NGκ(T κ)/T κ on T κ and tκ, and using
W (κ) ' (T κ ∩ Tκ)oW κ, we have:
exp−1tκ
(
W (κ) · eξ
)
= exp−1tκ
(
W κ ·
(
T κ ∩ Tκ · eξ
))
= W κ · exp−1tκ
(
(T κ ∩ Tκ) · eξ
)
.
Recalling that we introduced Λ(κ) = exp−1tκ (T κ ∩ Tκ) in section 2.3, this lattice has a natural
action by translations on tκ, so that exp−1tκ
(
(T κ ∩ Tκ) · eξ
)
= Λ(κ) · ξ. Defining the twisted
affine Weyl group W (κ)aff := Λ(κ)oW
κ, the space of κ-twisted conjugacy classes is then given
by:
G/Adκ(G) ' T κ/W (κ) ' tκ/W (κ)aff .
Using the notation of 2.9, we have an explicit description of tκ/W (κ)aff .
Proposition 3.10. There is a unique fundamental domain containing the origin in tκ for the
action of W (κ)aff , which is the alcove:
A(κ) =
{
ξ ∈ tκ ∣∣ 0 ≤ 〈α˜, ξ〉, ∀α˜ ∈ Π(κ); 〈θ(κ),l, ξ〉 ≤ 1} ,
where θ(κ),l ∈ R(κ)+ is the highest root of R(κ), and Π(κ) ⊂ (tκ)∗ are its simple roots.
Example 3.11. We illustrate this alcove in the case G = SU(3) (see Fig. 3.1). Here R = A2,
and κ 6= 1 is the automorphism permuting the simple roots α1 and α2, the dual subtorus
(tκ)∗ ⊂ t∗ is the line {λ(α1 + α2)}λ∈R, and R(κ) has only one positive root (θ2κ)l = 2(α1 + α2).
In the standard coordinates on R2 ≡ t, we have α∨1 =
√
2
2 (
√
3,−1) and α∨2 =
√
2(0, 1), so that
the fundamental alcove for twisted conjugation is:
A(κ) =
{
ξ ∈ tκ ∣∣ 0 ≤ 2〈α1 + α2, ξ〉 ≤ 1}
=
{
1
2(
√
3, 1)t ∈ R2
∣∣∣ 0 ≤ t ≤ √24 } .
Remark 3.12. The group of affine reflections W (κ)aff coincides with the affine Weyl group of the
untwisted affine algebra corresponding to R(κ).
For the sake of completeness, we conclude this section with Mohrdieck and Wendt’s descrip-
tion of the stabilizers Zκa = ZκG(a) for a ∈ T κ and their Lie algebras zκa ⊂ g [25, Prop.4.1]:
Proposition 3.13. Let ξ ∈ A(κ), and let Π˜(κ) = Π(κ)∪{−θ(κ),l} label the vertices of the extended
Dynkin diagram associated to R(κ).
(1) The Dynkin diagram of (zκ
eξ
, tκ) is obtained from that of Π˜(κ) by deleting the vertex
α ∈ Π(κ) if 〈α, ξ〉 6= 0, and deleting the vertex −θ(κ),l if 〈θ(κ),l, ξ〉 < 1.
(2) If a ⊆ g denotes the subalgebra corresponding to the diagram in (1), then: zκ
eξ
= tκ + a.
(3) The stabilizer Zκ
eξ
⊂ G is the Lie group with the root system described in (1) and
fundamental group pi1(Zκeξ) = Λ
κ/Q∨ξ , where Q
∨
ξ is the corresponding coroot lattice.
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Figure 3.1. The alcove A(κ) for A2
Remark 3.14. The stabilizers ZκG
(
expg(ξ)
) ⊆ G and ZG(κ) (expg(κ)(ξ)) ⊆ G(κ) are not isomor-
phic for ξ ∈ A(κ). The simplest example is that of ξ = 0, for which:
ZκG(e) = G
κ and ZG(κ)(e) = G(κ).
This also shows that the κ-twisted conjugacy class corresponding to ξ ∈ A(κ) is typically of
higher dimension than the orbit Ad(G(κ)) · expg(κ)(ξ) ⊆ G(κ).
4. Twining Characters
For a compact connected Lie group G, let Λ∗+ = Λ∗ ∩ t∗+ be the integral dominant weights,
and denote by C∞(G)G the ring of smooth Ad-invariant functions on G. The representation
ring R(G) can be realized as the subring of C∞(G)G generated by the irreducible characters
{χλ}λ∈Λ∗+ , and as a Z-module, one has:
R(G) ' Z[Λ∗+].
When G is also simply connected, we can also define the fusion ring at level k ∈ Nr {0} solely
in terms of {χλ}λ∈Λ∗+ , by taking :
Rk(G) := R(G)/Ik(G) ' Z[Λ∗k],
where under the identification g ≡ g∗ given by the basic inner product, the level k weights are
given by Λ∗k = Λ
∗
+ ∩ kA, and the fusion ideal is defined as:
Ik(G) :=
{
f ∈ R(G) ∣∣ f (exp( λ+ρk+h∨)) = 0 for all λ ∈ Λ∗k} ,
with h∨ = 1+ρ ·θ the dual coxeter number of G. We recall that for G simply connected, Rk(G)
coincides with the ring of level k projective representations of LG, the loop group associated to
G [21, Rk. A.6].
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The main objects of this section are the κ-twisted analogues of the rings R(G) and Rk(G)
for G simply connected and simple, and we start by discussing the analogues of the irreducible
characters {χλ}λ∈Λ∗+ .
4.1. Construction and First Properties. For a dominant weight λ ∈ Λ∗+, let (ρλ, Vλ) denote
the corresponding irreducible highest weight unitary representation, with ρλ : G→ U(Vλ) and
normalized highest weight vector vλ ∈ Vλ. If (ρV , V ) is a finite-dimensional unitary representa-
tion of G such that its decomposition into irreducibles is of the form
V =
p⊕
j=1
V
⊕mj
λj
,
with λj ∈ (Λ∗+)κ = (Λ∗)κ ∩ (tκ)∗+ for all j, we will call (ρ, V ) a κ-admissible representation.
For λ ∈ (Λ∗+)κ, Schur’s lemma gives the existence of a unique unitary automorphism κ˜λ ∈
Aut(Vλ) such that:
(i) ρλ (κ(g)) = κ˜λ ◦ ρλ(g) ◦ κ˜−1λ , for all g ∈ G;
(ii) κ˜λ(vλ) = vλ.
By extension, for any κ-admissible representation (ρV , V ) there is a unique unitary automor-
phism κ˜V ∈ Aut(V ) preserving the highest weight vectors of all irreducible components of V and
satisfying equation (i) above. In light of these facts, and following the terminology of [10, 13],
we have:
Definition 4.1. Let (ρV , V ) be a κ-admissible representation of G. The κ-twining character
of (ρV , V ) is the function G→ C given for any g ∈ G by:
χ˜κV (g) := trV (κ˜V ◦ ρV (g)) .
Remark 4.2. For V and W κ-admissible, it is easily verified that:
χ˜κV⊕W = χ˜
κ
V + χ˜
κ
W , χ˜
κ
V⊗W = χ˜
κ
V · χ˜κW .
We will use these identities implicitly throughout this section.
Let L2(G) be the space of C-valued L2-functions on G with respect to the normalized Haar
measure dg, and denote by C∞(G) the smooth C-valued functions. We use L2(Gκ)G and
C∞(Gκ)G to denote the subspaces of Adκ-invariant functions on G. As it would be expected,
the irreducible twining characters {χ˜κλ}λ∈(Λ∗+)κ generalize several properties of the characters
{χλ}λ∈Λ∗+ . First, we remind the following facts on matrix coefficients [5, §§II.4, III.3]:
Lemma 4.3. For any finite-dimensional unitary representation (ρV , V ) of G, denote the matrix
coefficient corresponding to α ∈ V ∗ and v ∈ V by:
mVα,v : G −→ C, g 7−→ α (ρV (g) · v) ,
and let G act on End(V ) via the assignment:
g ·A := ρV (g) ◦A ◦ ρV (g)−1, for all A ∈ End(V ).
Denote by M(G) the space of complex matrix coefficients on G.
(1) The space M(G) is dense in C0(G) and in L2(G).
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(2) For (ρV , V ) irreducible, one has the following identity, for all A ∈ End(V ):ˆ
G
dg (g ·A) = trV (A)
dimV
IdV .
(3) For irreducible representations (ρV , V ) and (ρW ,W ), the matrix coefficients satisfy the
following orthogonality relations:ˆ
G
〈a, ρV (g) · v〉V 〈b, ρW (g) · w〉W =
{
1
dimV 〈a, b〉V 〈v, w〉V , if V 'W ;
0, if V 6'W,
for any a, v ∈ V and b, w ∈ W , and 〈−,−〉V denoting the Hermitian inner product on
V .
The main result of this subsection is the following:
Proposition 4.4. With the notations of this section:
(1) The averaging map Avκ : L2(G) → L2(Gκ)G, f 7→ ´G dg · (Adκg )∗f is an orthogonal
projection.
(2) The twining characters {χ˜κλ}λ∈(Λ∗+)κ generate a dense subspace of L2(Gκ)G, and satisfy
the orthogonality relations:
〈χ˜κλ, χ˜κµ〉L2 = δµλ, λ, µ ∈ (Λ∗+)κ.
(3) For a second Dynkin diagram automorphism τ ∈ Out(G), one has:(
χ˜κλ ∗ χ˜τµ
)
(x) = (dimVλ)
−1δλµχ˜τκλ (x) = (dimVλ)
−1δλµχ˜κτλ (κ(x)) ,
for any λ, µ ∈ (Λ∗+)κ ∩ (Λ∗+)τ , where convolution is given by:
(ψ ∗ ϕ) (x) =
ˆ
G
dg · ψ(xg−1)ϕ(g), ψ, ϕ ∈ L2(G).
(4) For λ ∈ (Λ∗+)κ, the “spherical harmonic” φλ : G → C, g 7→ 〈vλ, ρλ(g) · vλ〉Vλ satisfies
the identity: ˆ
G
dg · φλ
(
Adκgx
)
= (dimVλ)
−1χ˜κλ(x).
Proof.
(1) The formula in the statement defines a bounded linear operator Avκ : L2(G)→ L2(G)
with image in L2(Gκ)G. That it is an orthogonal projection follows from the fact that
it is self-adjoint and coincides with the identity on L2(Gκ)G.
(2) That the κ-twining characters {χ˜κλ}λ∈(Λ∗+)κ are Adκ-invariant follows from the cyclic
property of the trace and the defining identity:
ρλ (κ(g)) = κ˜λ ◦ ρλ(g) ◦ κ˜−1λ .
Next, let α ∈ V ∗λ , v ∈ Vλ and A = κ˜λ ◦ ρλ(g). Using lemma 4.3, we have for any x ∈ G
that:
(AvκmVλα,v)(x) = α
(ˆ
G
(
ρλ(Ad
κ
gx) · v
)
dg
)
= α
(ˆ
G
(g ·A) (κ˜−1λ · v))
= α
(
trVλ (A)
dimVλ
κ˜−1λ · v
)
=
α
(
κ˜−1λ · v
)
dimVλ
χ˜κλ(x).(4.1)
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This is used for the density of twining characters as follows. Given ϕ ∈ L2(Gκ)G, for
any ε > 0 there is a function f ∈ M(G) such that ||ϕ − f ||L2 < ε, and such that for a
finite subset L ⊆ Λ∗+:
f(x) =
∑
λ∈L
kλ∑
i=1
aim
Vλ
αi,vi(x),
where {kλ}λ∈L are integers, and for all 1 ≤ i ≤ kλ: ai ∈ C, vi ∈ Vλ, αi ∈ V ∗λ . By
equation (4.1), we have:
Avκf(x) =
∑
λ∈L∩(Λ∗+)κ
cλχ˜
κ
λ(x),
for some constants cλ ∈ C, and our initial function ϕ ∈ L2(Gκ)G then satisfies the
estimate:
||ϕ−Avκf ||L2 = ||Avκ(ϕ− f)||L2 ≤ ||ϕ− f ||L2 < ε,
which establishes the density claim. For the orthogonality relations, let {vi} ⊂ Vλ and
{wi} ⊂ Vµ be orthonormal bases, so that:
〈χ˜κλ, χ˜κµ〉L2 =
∑
i,j
ˆ
G
〈vi, (κ˜λg) · vi〉Vλ〈wj , (κ˜µg) · wj〉Vµ .
By lemma 4.3-(3), the above vanishes if µ 6= λ, and otherwise:
〈χ˜κλ, χ˜κλ〉L2 =
1
dimVλ
∑
i,j
〈vi, vj〉Vλ〈(κ˜λg) · vi, (κ˜λg) · vj〉Vλ = 1.
(3) Let λ, µ ∈ (Λ∗+)κ ∩ (Λ∗+)τ and let {vi} ⊂ Vλ and {wi} ⊂ Vµ be orthonormal bases. If
µ 6= λ, the integral:
(χ˜κλ ∗ χ˜τµ)(x) =
∑
i,j
ˆ
G
〈vi, (κ˜λxg−1) · vi〉Vλ 〈wi, (τ˜µxg
−1) · wi〉Vµdg
vanishes by 4.3-(3). To compute χ˜κλ ∗ χ˜τλ, we use χ˜κλ(x) = trVλ (xκ˜λ) and notice that:
〈vi, (xg−1κ˜λ) · vi〉Vλ =
dimVλ∑
k=1
〈vi, x · vk〉Vλ 〈κ˜λ · vi, g · vk〉Vλ .
This identity along with lemma 4.3-(3) yield:
(χ˜κλ ∗ χ˜τλ)(x) =
∑
i,j
ˆ
G
〈vi, (xg−1κ˜λ) · vi〉Vλ 〈vj , (gτ˜λ)vj〉Vλdg
=
∑
i,j,k
〈vi, x · vk〉Vλ
ˆ
G
〈κ˜λ · vi, g · vk〉Vλ〈vj , (gτ˜λ)vj〉Vλdg
=
1
dimVλ
∑
i,j,k
〈vi, x · vk〉Vλ 〈vj , κ˜λ · vi〉Vλ 〈vk, τ˜λ · vj〉Vλ
=
1
dimVλ
∑
i
〈vi, (xτ˜λκ˜λ) · vi〉Vλ =
1
dimVλ
trVλ (ρλ(x) ◦ (τ˜λκ˜λ)) .
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The operator (τ˜λκ˜λ) ∈ Aut(Vλ) preserves the highest weight vector of Vλ and satisfies:
ρλ (τκ(g)) = (τ˜λκ˜λ) ◦ ρλ(g) ◦ (τ˜λκ˜λ)−1, g ∈ G.
By uniqueness, we must have (τ˜λκ˜λ) = (˜τκ)λ, and therefore:
χ˜κλ ∗ χ˜τµ = (dimVλ)−1δλµχ˜τκλ .
That one has χ˜τκλ (g) = χ˜
κτ
λ (κ(g)) for all g ∈ G and λ ∈ (Λ∗+)κ ∩ (Λ∗+)τ follows from:
trVλ ((τ˜λκ˜λ)ρλ(g)) = trVλ (τ˜λρλ (κ(g)) κ˜λ) = trVλ ((κ˜λτ˜λ)ρλ (κ(g))) .
(4) The identity of the statement is a special case of equation (4.1) with v = vλ = κ˜λ(vλ)
and α = 〈vλ,−〉Vλ .

4.2. The Jantzen Character Formula. We now come to a Weyl-type character formula for
the χ˜κλ, for which we will need an integration formula. If (T
κ)κ−reg and Gκ−reg denote the
submanifolds of Adκ-regular elements in T κ and G (elements g with dimZκG(g) = dimT
κ),
then proposition 3.9 and lemma 3.7 imply that the restriction of the conjugation map c to
(T κ)κ−reg× (G/T κ) is a covering onto Gκ−reg, with group of deck transformations W (κ). Using
Fubini’s theorem along with the fact that the connected components of G rGκ−reg and T κ r
(T κ)κ−reg have measure zero, we obtain [31, Thm.2.5]:
Lemma 4.5. For a class function f ∈ L1(Gκ)G, one has that:ˆ
G
f(x)dx =
1
|W κ|
ˆ
Tκ
f(t)
∣∣∆˜(t)∣∣2dt.
We will also need some observations on the action of the induced automorphism κ˜λ ∈ Aut(Vλ) on
the highest weight irrep Vλ, which are easily established using the weight space decomposition:
Lemma 4.6. For λ ∈ (Λ∗+)κ, let P (Vλ) be the set of weights of the representation Vλ, and let
V κλ = ker(κ˜λ − 1) and P (Vλ)κ = {µ ∈ P (Vλ) | κ(µ) = µ}.
(1) The set P (Vλ) ⊂ Λ∗ is preserved by κ ∈ Out(G), and if u ∈ Vλ is a weight vector for
µ ∈ P (Vλ), then κ˜λ(u) ∈ Vλ is a weight vector for κ(µ) ∈ P (Vλ).
(2) For t ∈ T κ, one has that:
χ˜κλ(t) = trV κλ (ρλ(t)) =
∑
µ∈P (Vλ)κ
mµt
µ,
with mµ = dim(Vλ)µ, and that:
χ˜κλ(e) = dimV
κ
λ .
For a weight λ ∈ (Λ∗+)κ, let V˜λ denote the corresponding highest weight irrep of the orbit
group G(κ), and let σλ : G(κ) → C be the associated irreducible character. Recalling that the
half-sum of positive roots of R(κ) coincides with ρ = 12
∑
α∈R+ α, we consider the functions:
J˜λ(ξ) :=
∑
w∈Wκ
(−1)l(w)e2pii〈w·(λ+ρ),ξ〉, ξ ∈ tκ,
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so that by the Weyl character formula, for any ξ ∈ tκ regular:
σλ
(
expg(κ)(ξ)
)
=
J˜λ(ξ)
J˜0(ξ)
,
where expg(κ) : g(κ) → G(κ) sends tκ to T(κ) = T κ/(T κ ∩ Tκ) (we make this distinction since
expg : g → G is also used below, and sends tκ to T κ). The next result was first proved by
Jantzen in [17], then recovered in the context of affine algebras in [10, Thm.1], and in the
context of non-connected groups in [31, Thm.2.6].
Proposition 4.7. Jantzen Character Formula Let G be a compact, connected, simply con-
nected and simple Lie group, let κ ∈ Out(G) be a Dynkin diagram automorphism and G(κ) the
associated orbit Lie group. For an invariant dominant weight λ ∈ (Λ∗+)κ, one has that:
(χ˜κλ)|Tκ = pi
∗
(
σλ|T(κ)
)
,
where pi : T κ → T(κ) is the quotient map by the action of T κ ∩ Tκ. In particular, for ξ ∈ tκ
regular:
χ˜κλ
(
expg(ξ)
)
=
∑
w∈Wκ(−1)l(w)e2pii〈w·(λ+ρ)−ρ,ξ〉
∆˜
(
expg(ξ)
) = J˜λ(ξ)
J˜0(ξ)
.
Proof. Since χ˜κλ is Ad
κ-invariant, (χ˜κλ)|Tκ is invariant under the action of T
κ ∩ Tκ by multipli-
cation. Along with lemma 4.6-(2), we thus have for any t ∈ T κ that:
(χ˜κλ)|Tκ (t) =
∑
µ∈P (Vλ)κ
mµt
µ =
∑
µ∈P (Vλ)κ
mµpi(t)
µ.
On the one hand, this shows that P (Vλ)κ is a subset of the weight lattice (Λ∗)κ of G(κ), and
on the other hand, it means that (χ˜κλ)|Tκ = pi
∗(σV˜ |T(κ)), where σV˜ : G(κ) → C the character of
a G(κ)-module V˜ =
⊕
µ∈(Λ∗+)κ V˜
⊕qµ
µ :
σV˜ =
∑
µ∈(Λ∗+)κ
qµσµ,
with finitely many nonzero integers qµ. Since the function ∆˜(t) =
∏
α∈R(κ)+(1 − t−α) is the
“Weyl denominator” on T(κ), we have by lemma 4.5 and the orthogonality relations for twining
characters that:∑
µ∈(Λ∗+)κ
q2µ =
1
|W κ|
ˆ
T(κ)
ds · ∣∣∆˜σV˜ ∣∣2 = 1|W κ|
ˆ
Tκ
dt · ∣∣∆˜ (χ˜κλ)|Tκ ∣∣2 = 1.
We thus have V˜ = V˜λ ' V κλ , since the equation above shows that V˜ is irreducible, and since
λ ∈ (Λ∗+)κ is the highest weight in P (Vλ)κ. This shows that (χ˜κλ)|Tκ = pi∗
(
σλ|T(κ)
)
, and for any
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ξ ∈ tκ regular, we have by the character formula for σλ that:
σλ
(
expg(κ)(ξ)
)
=
J˜λ(ξ)
J˜0(ξ)
=
∑
w∈Wκ(−1)l(w)e2pii〈w·(λ+ρ),ξ〉∑
w∈Wκ(−1)l(w)e2pii〈w·ρ,ξ〉
=
∑
w∈Wκ(−1)l(w)e2pii〈w·(λ+ρ)−ρ,ξ〉∑
w∈Wκ(−1)l(w)e2pii〈w·ρ−ρ,ξ〉
=
∑
w∈Wκ(−1)l(w)e2pii〈w·(λ+ρ)−ρ,ξ〉
∆˜
(
expg(ξ)
) ,
which is the second equation of the proposition. 
The Jantzen character formula shows that pi∗ : L2(T(κ))W
κ → L2(T κ)W (κ) is an isomorphism,
and this is true for smooth class functions in particular. With a little more work, we also have
the following version of the Chevalley restriction theorem:
Proposition 4.8. Let G be a compact, connected, simply connected and simple Lie group,
and κ ∈ Out(G) a Dynkin diagram automorphism. The inclusion ιTκ : T κ ↪→ G induces the
following isomorphism of algebras:
ι∗Tκ : C∞(Gκ)G −→ C∞(T κ)W
(κ) ' C∞(T(κ))W
κ
, f 7−→ f|Tκ
where C∞(Gκ)G is the ring of smooth Adκ-invariant functions on G with values in C.
Proof. Using a Adκ(G)-invariant partition of unity on G, the problem is reduced to proving that
for any x ∈ G, there exists a Adκ(G)-invariant open neighborhood Ux such that the restriction
map:
C∞c (Uxκ)G → C∞c (Ux ∩ T κ)W
(κ)
, f 7→ f|Ux∩Tκ ,
is an isomorphism. To obtain the open subset Ux, we construct a slice for the twisted adjoint
action following the approach of [22, Prop.2.5], and to lighten the notation, we write Zκx for the
stabilizer of x with Lie algebra zκx.
Let F ⊂ A(κ) be an open face of the fundamental alcove in tκ, and let ξ ∈ F with x = eξ. Let
Vξ ⊂ tκ be an open ball centred at ξ, and let A˚F(κ) be the union of open faces in A(κ) containing
F in their closure. We define the following Adκ (Zκx )-invariant open subset of Zκx :
Ux := Ad
κ (Zκx ) · exp
(
Vξ ∩ A˚F(κ)
)
,
which for Vξ small enough gives a Zκx -equivariant diffeomorphism :
x expzκx : V0 −→ Ux, ζ 7−→ xeζ = eκ(ζ)x,
with V0 ⊂ zκx a Zκx -invariant open ball centred at the origin, and such that:
x expzκx
(
Adκ(g)ζ
)
= Adκg
(
x expzκx(ζ)
)
, for all g ∈ Zκx .
(In the left trivialization of TG, the twisted adjoint action of g ∈ G on ζ ∈ g is given by
Adκ(g)ζ.) By construction, Ux ⊂ Zκx is a slice through x for κ-twisted conjugation, and the
map:
G×Zκx V0 −→ G, [g, ζ] 7−→ Adκg
(
xeζ
)
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gives a Adκ(G)-equivariant diffeomorphism onto its image, which we denote henceforth by Ux.
Recalling that T κ is a maximal torus of Zκx , we also obtain a W
(κ)
x = NκZκx (T
κ)/T κ-equivariant
diffeomorphism:
NκG(T
κ)×Nκ
Zκx
(Tκ) (V0 ∩ tκ) −→ Ux ∩ T κ, [g, ζ] 7−→ Adκg
(
xeζ
)
.
By the Chevalley restriction theorem for Lie algebras [2, Thm.7.28], we have an isomorphism
C∞(zκx)Z
κ
x ' C∞(tκ)W (κ)x , and therefore
C∞c (V0)Z
κ
x ' C∞c (V0 ∩ tκ)W
(κ)
x ,
and the equivariant diffeomorphisms constructed above yield:
C∞c (Uxκ)G ' C∞c (Ux ∩ T κ)W
(κ)
.

4.3. Twisted Representation and Fusion Rings. We turn to the representation rings as-
sociated to the κ-admissible representations of G in this subsection, following the approach
of [21, App.4] (proofs can be found in [1, Pt.III]).
Definition 4.9. Define the twining representation ring R˜(κ)(G) to be the subring of
C∞(Gκ)G generated by the twining characters of finite-dimensional κ-admissible representa-
tions of G.
This is the ring of virtual κ-admissible representations of G. As a Z-module, it is spanned by
the irreducible twining characters:
R˜(κ)(G) ' Z [(Λ∗+)κ] .
The last two results of the previous subsection yield the following fact:
Proposition 4.10. Let G be a compact, connected, simply connected and simple Lie group,
κ ∈ Out(G) a diagram automorphism and G(κ) the corresponding orbit Lie group. One then
has:
R˜(κ)(G) ' R˜(κ)(T κ)W (κ) ' R (T(κ))Wκ ' R (G(κ)) .
As in the case of the usual representation ring R(G), the twining representation ring is equipped
with an involution:
(·)∗ : R˜(κ)(G) −→ R˜(κ)(G),
which acts as χ˜(κ)V 7−→ χ˜(κ)V ∗ for any κ-admissible representation V of G. There is also a trace
map:
Tr0 : R˜
(κ)(G) −→ Z, f 7−→
ˆ
G
dg · (χ˜κ0f) ,
that gives the coefficient of the basis element corresponding to the weight λ = 0.
Now, consider the following rescaling of the inner product B on g:
B˜ := 2
B
(
θ∨
(κ),l
,θ∨
(κ),l
)B,
where θ(κ),l ∈ R(κ)+ is the highest root of G(κ). The restriction B˜|tκ ∈ S2(tκ)∗ coincides with
the restriction of the basic inner-product on g(κ) to tκ, which is the only inner-product on tκ
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such that B˜−1(α˜, α˜) = 2 for any long root α˜ ∈ R(κ) and restricting to a Z-valued bilinear form
on Λ(κ). In particular, the isomorphism:
B˜[ : g −→ g∗, ξ 7−→ B˜(ξ, ·)
maps Λ(κ) onto (Λ∗)κ, since B˜|tκ ∈ (Λ∗)κ ⊗ (Λ∗)κ. Fixing a positive integer k ∈ Z>0, we
introduce the following objects:
• The isomorphism B˜[k := kB˜[, with inverse:
B˜]k : g
∗ −→ g, λ 7−→ 1k (B˜[)−1(λ).
• The k-rescaled alcove in (tκ)∗ (proposition 3.10):
A∗(κ),k := B˜
[
k
(
A(κ)
)
.
• The set of κ-invariant level k weights of G:
(Λ∗)κk := (Λ
∗
+)
κ ∩ A∗(κ),k.
• The finite subgroup:
T κk+h∨
(κ)
:= B˜]
k+h∨
(κ)
((Λ∗)κ) /Λ(κ) ⊆ T(κ),
where h∨(κ) = 1+〈ρ, B˜](θ(κ),l)〉 is the dual Coxeter number ofR(κ), and where T κ,regk+h∨
(κ)
/W κ
consists of the elements:
sλ := expg(κ)
(
B˜]
k+h∨
(κ)
(λ+ ρ)
)
, λ ∈ (Λ∗)κk .
• The shifted action •k of W (κ)aff = Λ(κ) oW κ on (tκ)∗, specified by the assignment:
w •k λ =
{
w · (λ+ ρ)− ρ, w ∈W κ;
λ− B˜[k+h∨
(κ)
(w), w ∈ Λ(κ),
for any λ ∈ (tκ)∗.
Note that the shifted action of W (κ)aff is generated by reflections in the affine hyperplanes:
H(κ,k)α,m =
{
λ ∈ (tκ)∗ ∣∣ 〈α˜, B˜]
k+h∨
(κ)
(λ+ ρ)〉 = m
}
, α˜ ∈ R(κ),m ∈ Z,
and that the elements sλ are in bijection with those of
(Λ∗)κk+h∨
(κ)
,reg = (Λ
∗)κk + ρ.
An element λ ∈ (Λ∗+)κ has a trivial stabilizer underW (κ)aff if and only if λ ∈W (κ)aff •k (Λ∗)κk , and is
otherwise lying on some shifted affine wall H(κ,k)α,m . Lastly, using the Jantzen character formula,
we have for any λ ∈ λ ∈ (Λ∗+)κ and w ∈W (κ)aff :
χ˜κw•kλ = (−1)l(w)χ˜κλ.
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Definition 4.11. With the notations above, define the level k twining fusion ring as the
quotient:
R˜
(κ)
k (G) := R˜
(κ)(G)/I˜
(κ)
k (G),
where I˜(κ)k (G) is the level k fusion ideal:
I˜
(κ)
k (G) :=
{
f ∈ R˜(κ)(G) ∣∣ f(t) = 0, for all t ∈ pi−1(sλ), λ ∈ (Λ∗)κk} ,
with pi : T κ → T(κ) the projection.
The Z-linear maps (·)∗ : R˜(κ)(G) → R˜(κ)(G) and Tr0 : R˜(κ)(G) → Z descend to the ring
R˜
(κ)
k (G), which has {χ˜κµ}µ∈(Λ∗)κk as a basis over Z, and:
R˜
(κ)
k (G) ' Z [(Λ∗)κk ] .
The isomorphism R˜(κ)(G) ' R (G(κ)) induces an isomorphism of R˜(κ)(G)-modules I˜(κ)k (G) '
Ik
(
G(κ)
)
, with Ik
(
G(κ)
) ⊆ R (G(κ)) the level k fusion ideal of G(κ). We thus obtain a complete
characterization of R˜(κ)k (G) for k ∈ Z>0:
Proposition 4.12. Let G be compact, connected, simply connected and simple, κ ∈ Out(G)
a diagram automorphism and G(κ) the corresponding orbit Lie group. The twining fusion ring
R˜
(κ)
k (G) at level k ∈ Z>0 satisfies the following properties:
(1) It is isomophic to the fusion ring of G(κ) at level k:
R˜
(κ)
k (G) ' Rk
(
G(κ)
)
.
(2) Under the canonical projection Φ : R˜(κ)(G) → R˜(κ)k (G), the images of basis elements
{χ˜κµ}µ∈(Λ∗)κ+ of R˜(κ)(G) are given by:
Φ
(
χ˜κµ
)
=
{
(−1)l(w)χ˜κw•kµ, if w •k µ ∈ Λ∗k for w ∈W
(κ)
aff r {1};
0, if (W (κ)aff )µ 6= {1}.
The elements
{
Φ
(
χ˜κµ
)}
µ∈(Λ∗)κk
constitute the spectrum of R˜(κ)k (G).
(3) For any λ, µ ∈ (Λ∗)κk, the fusion product on R˜(κ)k (G) is given by:
χ˜κλ · χ˜κµ =
∑
ν∈(Λ∗)κk
N
(κ,k)
λµν∗ χ˜
κ
ν ,
where the fusion coefficients N (κ,k)λµν∗ = Tr0(χ˜
κ
λ · χ˜κµ · χ˜κν∗) are given by:
N
(κ,k)
λµν∗ =
1∣∣∣T κk+h∨
(κ)
∣∣∣
∑
α∈(Λ∗)κk
|J˜0(sα)|2χ˜κλ(sα)χ˜κµ(sα)χ˜κν∗(sα).
Outline of proof. Statement (1) follows from the discussion preceding the proposition. The same
remarks are used to modify the proofs of propositions 8.3 and 9.4 of [1] to obtain statement (2),
and statement (3) is obtained by modifying the proof of lemma 9.7 in [1] (see also [21, Prop.
A.8]). 
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4.4. Concluding comments. As mentioned in the introduction, our main motivation behind
the study of twisted conjugation is its link with twisted quasi-Hamiltonian manifolds [3,19,22].
Such a space is a triple (M,ω,Φ), where M is a G-manifold, the moment map Φ : M → Gκ is
equivariant, and ω ∈ Ω2(M)G is an invariant 2-form satisfying conditions analogous to those of
the symplectic structure of a Hamiltonian G-manifold. To avoid certain technical complications
related to the connectedness of the fibres of Φ : M → Gκ, one takes the group G to be simply
connected, which is why we focused on this case in the present paper.
In [32], we study theDuistermaat-Heckman measure associated to a twisted quasi-Hamiltonian
manifold (M,ω,Φ), a certain invariant measure on Gκ encoding the volumes of the symplectic
quotients of M . Under certain regularity conditions, such a measure essentially corresponds to
an element of the twining ring R(κ)(G). Our interest in the fusion rings R(κ)k (G) is related to
the geometric quantization [21] of the spaces (M,ω,Φ), and will be the subject of future work.
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